
APPENDIX

Let A = l1 > c1, · · · , lk > ck.
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P (A | ~ε) = P (Exactly n− k cuts are made above
∑

ci +
∑

εi

& Exactly k − 1 cuts are made in the εi regions)

The volume of the simplex
∑k−1

εi < 1−
∑k

ci is

V =

∫ 1−C

0

∫ 1−C−ε1

0

· · ·
∫ 1−C−ε1−···εk−2

0

d~ε =
(1− C)k−1

(k − 1)!

So,

P (A) =

∫
P (A | ~ε)P (~ε)d~ε where P (~ε) =

(k − 1)!

(1− C)k−1

Lemma.

∫ β

0

x(β − x)kdx =
βk+2

(k + 2)(k + 1)

Proof.

∫ β

0

x(β − x)kdx = −x(β − x)k+1

k + 1

∣∣∣β
0

+

∫ β

0

(β − x)k+1

k + 1
dx

= 0− (β − x)k+2

(k + 2)(k + 1)

∣∣∣β
0

=
βk+2

(k + 2)(k + 1)

�
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∫
P (A | ~ε)P (~ε)d~ε =

(
n− 1

n− k

)
(k − 1)!

(1− C)k−1

∫ 1−C

0

∫ 1−C−ε1

0

· · ·
∫ 1−C−ε1−···εk−2

0

ε1 · · · εk−1(1− C − ε1 − · · · εk−1)n−kdε1 · · · dεk−1

=

(
n− 1

n− k

)
(k − 1)!

(1− C)k−1

∫ 1−C

0

∫ 1−C−ε1

0

· · ·
∫ 1−C−ε1−···εk−3

0

ε1 · · · εk−2(1− C − ε1 − · · · εk−2)n−k+2

(n− k + 2)(n− k + 1)
dε1 · · · dεk−2

...

=

(
n− 1

n− k

)
(k − 1)!

(1− C)k−1

(1− C)n−k+2k−2

(n− k + 1)(n− k + 2) · · · (n− k + 2k − 2)(n− k + 2k − 3)

=

(
n− 1

n− k

)
(k − 1)!

(1− C)k−1

(1− C)n+k−2

(n− k + 1)(n− k + 2) · · · (n+ k − 2)(n+ k − 3)

=
(n− 1)!

(n− k)!

(1− C)n−1

(n− k + 1)(n− k + 2) · · · (n+ k − 2)(n+ k − 3)

=
(n− 1)!

(n+ k − 2)!
(1− C)n−1

We’ve got a problem here, the coefficient on the last line (n−1)!
(n+k−2)! 6= 1. No, worries. We can

still save the argument by recognizing that some arrangements were unaccounted. The reciprocal

an,k = (n+k−2)!
(n−1)! is really

(n+ k − 2)!

(n− 1)!
= ( n− 1︸ ︷︷ ︸

n−1 cuts

+ k − 1︸ ︷︷ ︸
ε-gaps

)!
/

(n− 1)!

So, an,k represents the number of words made with cuts α and {ε1, . . . , εk}. Possibilities for a3,2 are

αεα, εαα, ααε.

Each word represents an specific order of cuts and ε−gaps.


